Abstract. By using the approach to Hall algebras arising in homologically finite triangulated categories in [9], we find an "almost" associative multiplication structure for indecomposable objects in a 2-period triangulated category. As an application, we give a new proof of the theorem of Peng and Xiao in [6] which provides a way of constructing all symmetrizable Kac-Moody Lie algebras from two periodic triangulated categories.
Introduction
Let U be the universal enveloping algebra of a simple Lie algebra of type A, D or E over Q. It is one of the main problems studied in the last twenty years to find interpretations for the algebras U in terms of representations of oriented Coxeter graphs [4] . Such interpretations embody the principle of categorification. The work of Gabriel [1] strongly suggested the possibility of such an interpretation. He showed there exist a bijection between the isomorphism classes of all indecomposable modules over a hereditary algebra of Dynkin type and the positive roots of the corresponding semisimple Lie algebra. It has been explicitly obtained by Ringel [7] in the case of the positive part of U through the Hall algebra approach. Parallely, Lusztig has shown that the negative part of U can be geometrically realized using constructible functions on the space of representations of a preprojective algebra [4] . One may naturally consider to recover the whole Lie algebra and the whole (quantized) enveloping algebra [7] .
Lusztig showed that an arbitrarily large finite-dimensional quotient of U can be realized in terms of constructible functions on the triple variety [4] . A different construction was given by Nakajima [5] . On the other hand, Peng and Xiao define a Lie multiplication between isomorphism classes of indecomposable objects in a 2-period triangulated category (i.e. the translation T satisfies T 2 = 1) over a finite field k with the cardinality q [6] . It induces a Lie algebra over Z/(q − 1). However, It is unknown which associative multiplication induces the Lie multiplication over Z/(q − 1).
Recently, Toën gave a multiplication formula which defines an associative algebra (called the derived Hall algebra) corresponding to a dg category [8] . In [9] , we extended to prove that Toën's formula can be applied to define an associative algebra for any triangulated category with some homological finiteness conditions. Unfortunately any 2-period triangulated category does not satisfy these homological finiteness conditions. The present paper is the first step of my project to construct an arbitrarily large finite-dimensional quotient of U in the context of 2-period triangulated category and obtain a better understanding of the relations between our construction and Lusztig's construction. We apply the technique in [9] to prove that there exists an "almost" associative multiplication over Z[ 1 q ]/(q−1) between isomorphism classes of indecomposable objects in a 2-period triangulated category . As a direct corollary, we refine the definition of Lie algebra in [6] and gave a new proof of the theorem of Peng and Xiao. However, there are some deficiencies in the multiplication. It is not associative in some exceptional cases. It also can not be defined for some decomposable objects. The reason is as follows. It seems to be impossible to realize the whole enveloping algebra U. Compared to Lusztig's construction, we can only realize an arbitrarily large finite-dimensional quotient of U under some restriction conditions. Let D b (Λ)/T 2 be the 2-period orbit category of the derived category D b (Λ) of a hereditary algebra Λ of Dynkin type. Instead of any 2-period triangulated category, we should consider the subcategory of D b (Λ)/T 2 consisting of complexes of length m for some m ∈ N. We will discuss this in further research.
"almost" associativity
Given a finite field k with q elements, let C be a k-additive triangulated category with the translation T = [1] satisfying (1) the homomorphism space Hom C (X, Y ) for any two objects X and Y in C is a finite dimensional k-space, and (2) the endomorphism ring EndX for any indecomposable object X is finite dimensional local k-algebra. We say C is (left) locally homological finite if i≥0 dim k Hom(X[i], Y ) < ∞ for any X and Y in C. We will use f g to denote the composition of morphisms f : X → Y and g : Y → Z, and |A| the cardinality of a finite set A.
A triangulated category is called a 2-period triangulated category if the translation T satisfies T 2 ≃ 1. Let C 2 be a 2-period triangulated category satisfying the above two conditions. Given X, Y ; L ∈ C 2 , Put
We note that it is not an associative multiplication.
By indC 2 we denote the set of representatives of isomorphism classes of all indecomposable objects in C 2 . We define Z[ 
Proof. We define the action of Aut Z on V (X, Y ; M ⊕ Z) as follows. For any
The orbit space is denoted by V (X, Y ; M ⊕ Z) The stable subgroup is
The map g 1 naturally induces a triangle
where C(g 1 ) is the cone of the map
which is a vector space. Finally,
Let X, Y and Z be in C 2 . Then we set (X, Y ) Z to be the subset of Hom(X, Y ) consisting of the map with the cone isomorphic to Z. We need to use the following proposition [9, Proposition 2.5].
has the representative of the form:
where n(α) = n 11 0 0 n 22 as in (1) .
, L)n Different from [6] , we will consider the image of Hall number in Z[
We have the following corollary
We define
The orbit space of Hom(M ⊕ X, L)
under the action of Aut L ′ (see [9] ). We denoted by V (L ′ , L; M ⊕ X) Y,Z the orbit space.
Proof. The triangle in this lemma induces the triangles:
Since Y is indecomposable, we deduce this two triangles are split and therefore
If we consider the other two induced triangles, we have
Proof. By definition,
, α has the representative of the following form:
The stable subgroup is
where f = (f 1 , f 2 ). It is equivalent to
We set a ′ = a − 1 and b
Since Y is indecomposable, this shows
Proof.
, we always have s(α) = s(a.α) and t(α) = t(a.α)
for any a ∈ AutX and α ∈ V (L ′ , L; M ⊕ X). Hence, the sum is again equal to
where
Otherwise, G α is isomorphic to a vector space by Lemma 1.5. Therefore, the sum vanishes in Z[
. We note that Lemma 1.4 shows that M ∼ = X and Z ∼ = Y [1] in this case. By Lemma 1.2, we have
. And we also have in Z[
The theorem shows the multiplication defined over Z[
is "almost" associative for indecomposable objects in C 2 . 
The theorem of Peng and Xiao
Let C 2 be a 2-period triangulated category as last section. The Groethendieck group is denoted by G(C 2 ) as usual. For any M ∈ C 2 , we denote by h M the canonical image of M in G(C 2 ), called the dimension vector of M. Denote by h the subgroup of Q ⊗ Z G(C 2 ) generated byh
Let n be a free abelian group with a basis {[X] | X ∈ indC 2 }. Let g = h ⊕ n be a direct sum of Z-modules. Consider the factor group g (q−1) = g/(q − 1)g. We denote by u M , h M the corresponding residues. As we know, the associativity of the multiplication naturally deduces the Jacobi identity. Here, the situation is very similar. The "almost" associativity of the multiplication defined by g L XY for indecomposable objects also deduces the Jacobi identity. For any indecomposable objects X, Y in C 2 , we define the Lie bracket over Z[
We have [6, Lemma 7.4 ]
So the definition of Lie bracket is well defined.
Remark 2.1.
(1) We delete the condition in [6] that the Grothendieck group G(C 2 ) is proper, i.e. h X = 0 for any nonzero indecomposable object in C 2 .
(2) We refer to [2] 
Proof. By definition, we know
Let △ be the set of the permutations of (X, Y, Z). Then 
By [2, Lemma 13], we also have (g
ZY )h X = 0. This completes the proof of the corollary.
The following is the main result in [6] . Proof. Let X, Y and Z ∈ ind C 2 . By Remark 2.1, we know that in Z[ [6] or [2] for details.
